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Abstract 

In this note we show that in addition to two integers forming a Pytha- 
gorean triple, there also exist two irrational numbers in terms of which this 
Pythagorean triple can also be obtained. We also put forward a relation 
between these two pairs and the hypotenuse of a Pythagorean triangle. 

Assume that we are given a Pythagorean triangle a 2 + b 2 = c 2 with mutually 
prime a, b, where a is even, and b is odd. This triangle is known to be gener- 
ated by 2 numbers, say integers (xi,yi). How to find Xi,y± from the available 
numbers a, b, c? 

Numbers £1,2/1 can be found from the formulas: 



x x = y/c-b/2, yi = ^c + b/2. (1) 

These formulas are obtained by simple substitution into formulas for Pythagorean 
triples: 

a=2xiy x , b = xl~y 2 , c = xj + y 2 . 

It turns out, that in addition to two rational numbers there are two irrational 
numbers that form the same Pythagorean triple a, 6, a 
These numbers (£2,2/2) are calculated as follows: 



x 2 



y/{c-a)/2, y 2 = y/(c + a)/2. (2) 



Example: 3 2 + 4 2 = 5 2 . Here, x x = >/(5-3)/2 = 1, y x = y/(5 + S)/2 = 2, 
x 2 = ^/(5-4)/2 = l/\/2, y 2 = + 4)/2 = "i/V2. Integer numbers are 
obtained when taking difference or sum between the hypotenuse and the odd leg. 
Irrational numbers are obtained when taking difference between the hypotenuse 
and the even leg. 

Whereas everything is unambiguous for a primitive Pythagorean triangle 
(that is, we known a priori what number (integer or irrational) we need to 
find), two variants are possible for a triangle in which legs and the hypotenuse 
have a common divisor. Here either both pairs (x3,ys), (£4,274) may be irra- 
tional (example: 9 2 + 12 2 = 15 2 ) or one pair is integer and the second one 
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is irrational. However, to determine which is integer and which is irrational 
we can employ only the method of exhaustion (example: 6 2 + 8 2 = 10 2 ). For 
a Pythagorean triple with common divisor, there should be two new pairs (say, 
(^3; J/3)> i. x iiVi))i which generate this triangle. 
All this is easily visualized by setting 

a = ^m, b = 0n, c = /3k or (/3m) 2 + ((3n) 2 = ((3k) 2 . (3) 

Now was assume that the equation a 2 + b 2 = c 2 has common divisor (3. 
Substituting ([3]) into ([T]) and @ and applying a little algebra, we obtain new 
expressions for 2 pairs of numbers that form a Pythagorean triple: 

(f3m) 2 + (f3n) 2 = ((3k) 2 = a 2 + b 2 = c 2 , 



x 3 = y/0/2( Xl - yi), y 3 = y/(3/2(x x +, y x ), (4) 
x 4 = x 1 y /r (3, yi =yi Vp- (5) 

Now let us examine what relations exist between integer and irrational pairs. 
The analysis that follows applies to any triangles, as easily follows from direct 
substitution of formulas (J4j) , (JSJ into formulas for Pythagorean triples. Hence, 
we shall assume that (xi,yt) are integer numbers, and (2:2,2/2) are irrational 
numbers. 

As a result, 

2x x y x = x\ - yl, 

2x 2 y2 = x\- y\, 

2,2 2,2 
x 1 +y 1 = x 2 + y 2l 

and so the Pythagorean theorem can be rewritten as follows: 

,1221,122 1 2 2\2 , / 2 2\2 I 2 , 2\2 / 2 , 2\2 

kc x y x +Ax 2 y 2 = (x x - y x ) +(x 2 -y 2 ) =(x x +y x ) =(x 2 + y 2 ). 

All these relations are proved by direct substitution of formulas ([T]) and ©. 
Now let us consider the expression: 

(xi+yi) 4 = x\^Axl yi +&x 2 x y 2 x +^x x yl+yt = x^xjyl+yt+Axjyl+Ax^xl+y 2 ). 

Since x\ + y 2 = x\ + y%, 4x x y x = 2(x\ - yfj, Ax\y\ = (x\ - y\) 2 , the previous 
expression equals 

(4 + y 2 2) 2 + (4-yt) 2 + 2(4-yi)- 

Expanding and rearranging the resulting expression, we have 

(x x +y x ) 4 = ixi (6) 

A similar argument gives 

(x x - Vl f = 4yl (7) 
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Let us find the sum of the fourth powers of both pairs for the generators of 
the Pythagorean triangle. To do so we take formulas ([J), H]), raise each to the 
fourth power and add them up. The resulting expression is 

2x\ + 2yf + 2x\ + 2y\ = 3g 2 , (8) 

where g is the hypotenuse of any Pythagorean triangle . 
To summarize: 

1. Any Pythagorean triangle has 2 pairs of generators, which are found by 
formulas Q and ©. 

2. For a primitive Pythagorean triangle, one pair is necessary composed of 
integer numbers, and the other one, of irrational numbers. 

3 In Pythagorean triple is nonprimitive, these pairs may be both irrational, 
or one pair is integer, and the other one, irrational. 

4. The pairs of generators (xx,yi), (2:2,2/2) for Pythagorean triangle are 
related as follows: 

Ax\ = (x x +yi) 4 , 
4yi = (xi - yi) 4 , 
2x x yi =x\-yl, 

2x 2 y 2 = x\ - y\, 

2,2 2,2 
%i +Vi = x 2 +y 2 . 

5. The hypotenuse and pairs of numbers are related by the formula 3g 2 = 
2x\ + 2y\ + 2x\ + 2y\. 

6. The Pythagorean theorem can be rewritten as follows: 

A 2 2 , a 2„ 2 1 1 2\2 1 1 2 1\2 i 2 , 1\2 ( 2 . 2\2 

kz\V\ +4x 2 y 2 = [x l -yj +{x 2 -y 2 ) ={x 1 +y 1 ) ={x 2 +y 2 ). 
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